A numerical model of a nonlinear and degenerate diffusion equation on connected graphs, arising in a diversity of industrial applications, is presented. This paper shows that concurrently using a staggered finite volume spatial discretization with an analytical solution-based flux evaluation method and an operator-splitting technique computes stable and physicallyconsistent numerical solutions to the equation. A demonstrative application example of the numerical model to moisture dynamics in a hypothetical non-woven fibrous strip network under an evaporative environment is presented in order to show its versatility. Mathematical issues to be addressed in a future for better comprehending the model are finally discussed.
Introduction
Diffusion-type partial differential equations (PDEs) on connected graphs arise as relevant mathematical models for transport phenomena in environmental [1, 2] , biological [3] , and material problems [4, 5] . Here a connected graph is defined as an union of 0-D vertices that links 1-D intervals [6] . These PDEs have served as important mathematical tools to analyze, predict, and control the transport phenomena. Usually, their solutions are not available except for under simplified conditions and numerical methods have therefore been used for their effective approximation. Such examples include the finite difference method (FDM), finite volume method (FVM), finite element method (FEM), and other related methods [7] . A practical numerical method for approximating solutions to the PDEs should be able to handle nonlinearity and degeneration of the coefficients, which is important requirements for many of the industrial problems. The governing PDEs of transport phenomena of chemical species would involve nonlinear source terms [8] and some moisture transport phenomena are described with the diffusion-type PDEs having nonlinear and degenerate coefficients [9] . In addition, because of the topological nature of connected graphs, a numerical method for solving such PDEs is required to accurately handle the internal boundary conditions (IBCs) at each vertex, which often represent some physically-based conservation or balance laws [10, 11] .
The main purpose of this paper is to present and validate a finite volume method for numerically solving a nonlinear and degenerate diffusion equation, which is referred to as the extended porous medium equation (PME). This PDE is a physically-based mathematical model of moisture transport phenomena along a thin and long fibrous strip under an evaporative environment [4, 5, 12, 13] . The authors applied the extended PME to identifying physical properties of a non-woven fibrous strip that is used for a small-scale rainwater harvestingbased planting system [12] . In the system, the non-woven fibrous strip is used for vertically uprooting moisture from collected rainwater in a lower tank to upper planting pots (Fig. 1) . The strip is thus identified with a tree-type connected graph having one downstream-end and a number of upstream-ends. Computing physically reasonable numerical solutions to the extended PME in such domains requires accurate treatment of the vertex (Fig. 1) ; however, no or at most only a few researches numerically solved nonlinear and degenerate diffusion equations in connected graphs, which is a major motivation of our research. This paper shows that an FVM [1, 13] achieves the above-mentioned objective, which can handle a variety of realistic conditions on the model parameters and initial and boundary conditions. Unresolved issues on the mathematical model and the numerical method to be addressed in a future are finally discussed.
Mathematical model
The problem setting follows Yoshiok and Triadis [13] . Consider moisture dynamics in a homogeneous thin nonwoven fibrous strip with the length of 10 −1 (m), width of 10 −1 (m), and thickness of 10 −3 (m) to 10 −4 (m). It is assumed that transverse variation of the moisture profiles in the strip is insignificant compared to longitudinal vari- ations. The volumetric water content at each position x of a strip at the time t is denoted by θ = θ (t, x), and is normalized to 0 ≤ u = (θ − θ r )(θ s − θ r ) −1 ≤ 1 where θ s and θ r (= 0) are the maximum and minimum water contents of the strip. Assume that evaporation of water from the surface of strips is described in terms of a nonlinear decay term and that the relationships among pressure, permeability, and volumetric water content satisfy the algebraic constitutive laws [13] [14] [15] . The non-dimensional extended PME [13] is then given as
with the flux F defined as
and E s ≥ 0 is the non-dimensional evaporation coefficient, m, p ≤ m − 1, and q are positive nonlinearity parameters, and −0.5π ≤ α ≤ 0.5π is the inclination angle of the sheet from the earth's surface. The symbolt o express dimensionless quantities is omitted below for the sake of simplicity. Our laboratorial experimental results, which are not presented in detail since this paper focuses on mathematical models and numerical methods, identified the range of parameters as m = 1.0 − 2.0, p = 0.05 − 0.10, and q = 0.01 − 0.05. The extended PME (1) has to be equipped with appropriate internal boundary conditions (IBCs) at vertices. Since a strip network is considered as a connected graph, it is reasonable to assume mass conservation of water around each vertex. Assuming spatial continuity of the solution u at each vertex, (1) is rewritten following Yoshioka et al. [16] as ∫
where Ω is the connected graph as a domain, B(y, r) is a 2-D r-neighborhood of y ∈ Ω, ν is the total number of intervals that intersect with the boundary of B (y, r), F r,j is the flux at the jth intersection, and σ j is the sign parameter defining the direction of the abscissa in the jth reach: σ j = 1 when the x abscissa in the jth interval is facing outward to the boundary of B (y, r) and otherwise σ j = −1. The domain of integration for the integrals in (3) excludes vertices and the terms on the boundary conditions are omitted for the sake of simplicity. Note that the limit r → 0 reduces (3) to (1), showing their consistency. Eq. (3) is a unified formulation of the extended PME both at vertices and in intervals, which is the start point of the numerical modelling below.
Finite volume method
The FVM, which is referred to as the Dual-Finite Volume Method (DFVM) [1, 13] , is used for numerically solving (3) . Detailed discretization of the DFVM for linear advection-diffusion equations is described in Yoshioka and Unami [1] . The DFVM here follows that of Yoshioka and Unami [1] except for treatment of nonlinearity and degeneration of the coefficients. The domain is discretized into nodes and regular cells (elements) as in the conventional FVMs, so that one vertex falls exactly on one node. A vertex associates a dual cell, which is a 1-D analogue of the Voronoi cell [1] . The solution u and the flux F are distributed on the dual and regular cells, respectively, considering that a ball B(y, r) in (3) corresponds to a dual cell. The DFVM is coupled with an operator-splitting method to handle the nonlinear source term, which has been introduced for solving the AllenCahn equation [17] . The time increment between each successive time steps is denoted by ∆t, the differential operators defining the advection and diffusion terms of Eq.(3) by P AD , and that for the evaporation term by P E . The operators P AD and P E for generic φ = φ (t, x) are expressed as
respectively. Symbolically, the DFVM handles (3) at each time step as
where n and n + 1 represent the previous and current time steps. Temporal integration in the evaporation substeps is performed with a local analytical solution to
at each node. The analytical solution to (6) for 0 < q < 1 is expressed as
with some positive constant C that depends on u (n) . The term C − E s t possibly becomes negative for small u (n) > 0. In such a case, the solution u to (6) is replaced by 0 for computational stability. In the advectiondiffusion sub-step, the flux in each regular cell is evaluated with the fitting technique that constructs a flux using an analytical solution to:
This two-point boundary value problem is of a Dirichlet type that is subject to nodal values of u at the nodes that bound the element. The diffusion coefficient − (m − p) u m−p−1 and the advection coefficient − sin αu m−1 in F are treated as if they are known at this stage, and are incorporated into the coefficient matrix of the nonlinear system to be solved as shown below. These coefficients are distributed on regular cells and are evaluated with an upwind manner for stable numerical computation [18] . It has been confirmed that the upwind evaluation of the coefficients is an essential component to handle the nonlinearity because preliminary computation with a central evaluation of the coefficients failed when numerical solutions have sharp gradients. Temporal integration in the advection-diffusion sub-step is carried out with the conventional backward Euler method. The resulting system of equations to be solved at this sub-step is expressed as
where u represents the nodal solution vector, M is the diagonal mass matrix whose each diagonal element represents the 1-D Lebesgue measure of the corresponding dual cell, A is the coefficient matrix that depends on u, and od and nw represents the value obtained at the ends of the first evaporation sub-step and the advectiondiffusion sub-step, respectively. To numerically handle degeneration of the diffusion and advection coefficients, u in the matrix A is regularized as √ u 2 + ϵ 2 where ϵ is a small positive number(ϵ = 10 −7 ). This regularization method numerically guarantees positivity of these coefficients. Changing the value of ϵ several orders does not affects the computational results below. The resulting system of nodal u nw is computed with the conventional Picard iteration method. The iteration at each time step is stopped until the absolute difference between the successive sub-iterations are less than 10 −8 at all the nodes. The second evaporation sub-step just follows (6) using the updated solution u nw . The boundary condition considered in this paper is the fully-wet Dirichlet condition u = 1 and the no-flux condition F = 0 where the former is directly specified at an appropriate boundary node and the latter requires no special treatment at the boundary point because of using an FVM.
It has been theoretically shown that the DFVM [1] with the backward Euler method is unconditionally stable and in the usual discrete L ∞ -norm. In addition, the DFVM with (3) naturally and consistently incorporates the IBCs into the spatial discretization owing to using a staggered mesh, which is a remarkable advantage of the present numerical modelling of PDEs over the conventional ones that have to separately solve a PDE in intervals and at vertices. The above-explained DFVM has already been applied to severe test cases in 1-D intervals where analytical or approximate solutions are known [13, 19, 20] , demonstrating its applicability to problems with both advection-and diffusion-dominant cases. The estimated convergence rate of the DFVM for these test cases with the nodal L 2 -norm was almost one.
Demonstrative application
A realistic numerical simulation of moisture dynamics in a non-woven fibrous strip network is performed to assess accuracy and robustness of the DFVM. The network is reasonably simulated even with the presence of the vertex. The Picard iteration at each time step terminated less than 10 times except at the initial stage of the wetting phase. Numerical simulations under the same initial conditions for N = 100, 400, 800, 1600 are performed where the numerical solution with N = 1600 is regarded as a reference solution. The estimate convergence rate of the numerical solutions in the nodal L 2 -norm is almost one in both wetting and drying phases. This is in accordance with the intuition that numerical methods with the fitting technique has the first-order accuracy in space for advection-dominant problems like the extended PME.
Conclusions and future perspectives
This paper demonstrated that the DFVM can reasonably and consistently handle moisture dynamics in fibrous strip networks. In future researches, mathematical aspects of the DFVM should be analyzed in detail to theoretically justify the approximated solution behaviors in this paper. Regularity and shape of the solutions, traveling speed of the infiltration fronts, and evaporation speed are currently under investigation. So far, following the functional analytic approach in an appropriate Banach space [21, Chapter 2] , it has been obtained that the boundedness of the solutions is at least proven for the regularized model where the coefficients would become very small but do not degenerate. On the DFVM, a major issue to be addressed is its theoretical consistency, stability, and convergence speed for the problems with nonlinear and degenerate coefficients like the extended PME focused on in this paper. Finally, a real application of the model to designing a planting system is currently undergoing.
